We use an exact quantum phase model to study the dynamical generation of particle-entanglement in a system composed by two weekly-coupled and interacting Bose-Einstein condensates. We show that linear coupling can accelerate the creation of entanglement with respect to the well known one-axis twisting model where coupling is absent. This provides an analytical understanding of the recent experimental results of W. Müssel et al. Phys. Rev. A 92, 023603 (2015).
I. INTRODUCTION
The notion of entanglement was introduced by Schrödinger, more than sixty years ago [1] as a reaction to the Einstein-Podolski-Rosen paradox [2] . Early experiments performed with photons and ions have focused on the creation and demonstration of entanglement between two quantummechanical objects. Thanks to the experimental capabilities developed in the last twenty years, it has been possible to create entanglement between a large number of parties. Manyparticle entanglement up to ten distinguishable parties has been demonstrated with photons [3, 4] and ions [5, 6] , and up to hundreds indistinguishable parties with neutral atoms [7, 8] . From a foundational viewpoint, entanglement between several systems can be important to study the quantum-to-classical transition. It is also an ingredient of quantum technologies as, for instance, quantum metrology [9, 10] . For both purposes, it is desirable to create highly entangled states [11, 12] . However, the creation of large entanglement is challenged by unavoidable decoherence sources in common experiments. It is thus crucial to develop protocols creating entanglement on the fastest time scales as possible.
In this manuscript, we study the dynamical creation of entanglement in a bosonic Josephson junction (BJJ) made of two weakly-coupled and interacting Bose-Einstein condensates (BECs). The generation of multi-particle entanglement is due to atom-atom interactions in the condensate and it is accelerated by a linear mode-coupling that, alone, cannot create entanglement. The generation of entanglement in this system has been theoretically investigated [13] [14] [15] and experimentally observed [7, 16] . Analytical results are available in the weak interaction limit [15] and short time scales [14] . In particular, Ref. [14] has shown that linear coupling does not provide, in the early dynamics, any advantage on the creation of entanglement with respect to the one-axis twisting [17] , where the linear coupling is not present. However, a difference between the models does exist, as shown in a recent experiment [16] . An analytical study covering the different interaction-versus-tunneling regimes and explaining the experimental findings is still missing.
Here we study the BJJ dynamics within an an exact quantum phase model (EQMP) first introduced in Ref. [18] and use the quantum Fisher information as entanglement witness. The analysis is extended to sufficiently long times so to observe a substantial difference between the BJJ dynamics and the oneaxis twisting dynamics. Our results reveal that the claim of Ref. [14] are due to the short time scale considered and provide a guideline to understand recent experimental observations [7, 16] . The approximations used to solve the EQPM dynamics fail in the long-time limit where the system shows the onset of a Schrödinger cat state, as first discussed in [13] .
The manuscript is organized as follows. We first introduce the EQPM and relevant multi-particle entanglement witnesses. In section III we present the dynamical generation of entanglement when the initial state is a coherent spin state pointing in the negative direction of the x-axis of the Bloch sphere. This situation corresponds to the unstable regime of the mean field dynamics [19, 20] and it is the working condition of the experiments [7, 16] . In section IV we draw a direct comparison with the one-axis twisting dynamics. We complete our study in Sec. V with the analysis of the dynamical generation of entanglement when the system is prepared in a coherent spin state pointing in the positive x-axis of the Bloch sphere, corresponding to the the fixed stable point of the mean field dynamics
II. TWO-MODE DYNAMICS OF INTERACTING BOSONS
A system composed by two weakly-coupled interacting Bose gases is generally described by the two-mode Hamiltonian [19, [21] [22] [23] [24] 
where Ω accounts for coupling among the a and b modes, and χ is a parameter related to the particle-particle interaction. Here, 
A. Exact quantum phase model
Equation (1) can be studied within the exact quantum phase model (EQPM) [18] . It consists in expanding a general quantum state of the two-mode system,
on the overcomplete basis of Bargmann states [25] ,
Here |N/2+n a |N/2−n b indicates a Fock states of N/2+n particles in mode a and N/2 − n particles in mode b, where N is the total number of particles. In this representation we can express the action of spin operators on the state |ψ in terms of differential operators acting on Ψ(φ, t). Explicit expressions for the first and second moments of the spin operators are reported in the Appendix A. We can write the Hamiltonian (1) as [18] Ĥ
where Λ = N χ Ω is the ratio between interaction and tunneling. In the following we focus to the case of repulsive interaction Λ > 0. Our analysis generalizes to attractive interaction Λ < 0 via the mapping t → −t and φ → φ + π. The Hamiltonian H φ is given by
where
is an effective potential. The time evolution of the system can thus be mapped on the dynamics of a fictitious wavepacket evolving in the potential V (φ). In Fig. 1 we show V (φ) for different values of Λ. While the potential is always confining in the nearby of φ = 0, close to φ = π the potential V (φ) becomes a repulsive inverted parabola when Λ > N/(N +1). The different behavior of the effective potential close to φ = 0 and π has direct implications in the creation of many-particle entanglement, as discussed below. It should be noticed that there is no approximation leading to Eq. (3): the EQPM is exact for any number of particles. Another advantage of the model is that the dynamics of the many-body state, i ∂|ψ(t) ∂t =Ĥ|ψ(t) , can be studied in terms of the Schrödinger equation
describing the motion of an effective wave packet in the potential (5) . Within the harmonic (attractive or repulsive) oscillator approximation in the nearby of φ = 0, π, the complete dynamics in the phase representation can be analytically studied using a Gaussian wave function ψ(φ, t). Details on the use of the Gaussian approximation and on the computation of relevant expectation values can be found in Appendix B. As a main drawback of the EQPM, the Bargmann basis is overcomplete, which makes the calculation of expectation values of a generic observablesÂ
and inner product
non-local in phase, with the non standard inner product
. This term is crucial to cut Fourier contributions with frequency smaller than 1/N . For large N , we will use the approximation cos In a previous work [26] , the EQPM has been used to study the ground state of Eq. (1) for repulsive interaction. Here we consider the dynamical generation of entanglement starting from separable states
where |vac is the vacuum. Equation (9) is generally indicated as coherent spin state (CSS) [27] and is given by all N qubits pointing along the same direction s = {sin ϑ cos ϕ, sin ϑ sin ϕ, cos ϑ} (called the mean spin direction) in the Bloch sphere, where 0 ≤ ϑ ≤ π and −π ≤ ϕ < π.
The CSS has collective spin mean values Ĵ s = N/2 and Ĵ ⊥ = 0, and variances (∆Ĵ s ) 2 = 0 and (∆Ĵ ⊥ ) 2 = N/4, where ⊥ indicates an arbitrary direction orthogonal to the mean spin direction.
It is worth recalling that there are alternative approaches to the EQPM to study Eq. (1), besides the numerical exact diagonalization. A well explored method is a semiclassical approximation in number space [28, 29] that was used in Ref. [14] to discuss the generation of many-particle entanglement in the BJJ.
B. Entanglement, spin-squeezing and quantum Fisher information
To witness and quantify the creation of particle entanglement we calculate the spin-squeezing parameter
and the quantum Fisher information
where n 1 , n 2 and n 3 are three mutually orthogonal directions. The criteria [30, 31] 
and [9] 
are sufficient for entanglement between the N particles, i.e. the state of the system cannot be written asρ = k q kρ
is the state of the jth particle. The conditions (12) and (13) have an operational meaning. Equation (12) recognizes all the entangled spin-squeezed states that can be used to sense a rotation e −iθĴn with a sensitivity overcoming the shot-noise limit ∆θ = 1/ √ mN , where m accounts for the repetition of independent measurements. Since the highest attainable interferometric phase sensitivity is limited by the quantum Cramér-Rao (13) detects all the entangled states that can be used to overcome the shot-noise limit when sensing the rotation e −iθĴn 2 . In particular, the inequality
holds [9] and thus the QFI recognizes the full class of states (including the spin-squeezed ones) useful to overcome the shot-noise limit. The highest value of the QFI is F Q [Ĵ n2 ] = N 2 , which corresponds to the so called Heisenberg limit of phase sensitivity, ∆θ HL = 1/ √ mN , representing the ultimate bound for phase estimation [10] .
In the following we compute ξ 2 and ζ 2 for initial CSS pointing on the x-axis and evolving according to Eq. (1). These states are characterized by Ĵ z = Ĵ y = 0 at every time. Therefore, the optimal spin-squeezing and QFI are obtained by minimizing (to calculate the spin-squeezing) or to maximizing (to calculate the QFI) the spin variance on the y − z plane. This is done by computing the eigenvalues
(with λ + > λ − ) of the covariance matrix
where i, j = y, z, and curly brackets stands for the anticommutator between the two angular momenta. Note that γ zz = 4(∆Ĵ z ) 2 /N and γ yy = 4(∆Ĵ y ) 2 /N . The optimal values of ξ 2 and ζ 2 are thus given by
, and ζ
III. ENTANGLEMENT GENERATION AROUND φ = π
We focus here on the generation of entanglement starting from the CSS
polarized along the negative x-axis (it is the eigenstate ofĴ x with minimum eigenvalue −N/2). For φ ≈ π, Eq. (4) becomes the Hamiltonian of a harmonic oscillator of square frequency
Equation ( π is directly linked to the onset on instability of the corresponding mean-field fixed point [19, 20] . We further define ω π = | ω 2 π |. To study the quantum dynamics within the EQPM we use the Gaussian wave function
where with α π = 1+ωπ(Λ0) Λ0
is the frequency Eq. (19) computed with an interaction parameter Λ 0 . Mean spin moments are calculated taking the limit Λ 0 → 0, see further discussion in Appendix B. We also consider N 1 and neglect terms of the order 1/N . We emphasize that, within the approximation (20) , we cannot distinguish between the QFI and spin-squeezing: ζ 2 opt = ξ opt in our analytical calculations.
Stable regime, Λ < N/(N + 1). In the stable regime, the dynamics is characterized by a periodic generation of phase squeezing. Figure 2 shows the Wigner distribution on the Bloch sphere [34] plotted at different evolution times. The initial isotropic Wigner distribution of the CSS deforms in time, becoming elliptic and reaching its maximum squeezing along the y-axis (phase squeezing, see below). A calculation of Eq. (16) with the Gaussian state (20) gives
and
These expectation values are used to calculate ζ As expected, due to the relative weak nonlinearity, we obtain a modest generation of entanglement. Approaching Λ = 1 the Gaussian approximation reproduces the numerical findings only for very short times t π/ω π , where ξ Unstable regime Λ > N/(N + 1). In the unstable regime, the quantum dynamics of the initial CSS (18) is quite different from the stable one. As shown in Fig. (2) for Λ = 2, the initial CSS symmetric Wigner distribution evolves quickly in a highly asymmetric ellipse, stretching along the separatrix of the mean-field dynamics. We thus expect to find a large generation of useful entanglement in this regime. For long times the state wraps around the mean-field fixed points at φ = π and 2 Ĵ z /N = ± 1 + 1/Λ 2 and large negative values of the Wigner function are obtained. In the unstable regime, the phase potential V (φ) is non-confining and the harmonic approximation works for relatively short times. We find
These equations predict an exponential change of γ ij , which implies that the optimal squeezing direction does not change in time. The exponential growths (or decays) of the matrix elements of γ ij suggest that the evolution will provide a fast generation of entanglement. It should be noticed that Eqs. (25) and (26) agree with those presented in [14] and obtained with a different method (in number space [28] ) involving approximations similar to ours.
In Fig. 5 we plot the analytical ζ 2 opt (red line) compared with the results of QFI (red dots) and spin squeezing (blue triangles) obtained from the exact numerical calculations of Eq. (1). The spin-squeezing parameter decreases until it reaches a minimum and then it starts growing: the quantum dynamics features a loss of spin-squeezing at relatively long times (ω π t ≈ π/2) that is associated to the wrapping of the state [7] and, equivalently, the onset of strongly negative parts of the Wigner function, as shown in Fig. 2 . On contrary ζ 
where Ω N χ. In Ref. [14] it was argued that only the linear term in Eq. (27) is accurate. Figure 6 shows that retaining only the linear term is overly conservative. There, we plot the different terms in Taylor expansion (27) compared with polynomial fits of the exact numerical diagonalization of Eq. (1) at the same order in time. We find an extremely good agreement, even for relatively large values of Λ, up, at least, to the fourth order in N χt. The disagreement between the numerics and the analytical coefficients of the Taylor expansion is of the order 1/N that, as discussed above, is the accuracy of our approximations. Retaining high-order terms in the Taylor expansion allows us to go beyond the results of Ref. [14] and perform a direct comparison between the unstable dynamics and the one-axis twisting dynamics (i.e. Ω = 0, see below). One of the main results of Ref. [14] is that, to the first order in time, the unstable dynamics agrees with the one-axis twisting dynamics. Below, we show that a difference between the two dynamics can be appreciated when considering higher-order terms in Taylor expansion.
IV. COMPARISON WITH THE ONE-AXIS TWISTING DYNAMICS
One-axis twisting (OAT) is a benchmark model for studying the generation of spin-squeezed states [17, 35] and useful entanglement for quantum metrology [9] . The one-axis twist- ing Hamiltonian (along the z-axis, for example) iŝ
and corresponds to the case Ω = 0 in Eq. (1). It has been experimentally realized via particle-particle interactions in BECS [36] [37] [38] [39] . For an initial state CSS on the equator of the Bloch sphere, |π/2, ϕ N one finds [17] 
From these equations we can readily calculate the optimized QFI ζ 2 OAT , using Eqs. (17) . Expanding in Taylor series, we obtain
A direct comparison between Eq. (27) and Eq. (31) shows that unstable dynamics and one-axis twisting produce, up to second order in N χt, the same amount of useful entanglement.
The leading difference appears in the third-order term:
which is larger than zero for all Λ > 1. We also notice that the fourth-order term in N χt is missing in Eq. (31), while its is present in Eq. (27) and, being negative, it contributes to the generation of entanglement. We thus conclude that for relatively short times (up to O(N χt) 5 , at least), the unstable regime of the BJJ dynamics produce more entanglement than one-axis twisting. This provides an analytical explanation of the recent experimental findings of Ref. [7, 16] . In order to understand when the difference in the dynamics introduced by the transverse linear term ΩĴ x is more relevant, we consider the ratio between the third-order coefficients in the power series of ζ π and ζ OAT :
Maximizing this simple expression we find that the value of Λ for which the effect of the linear term is most relevant is Λ = 2. In panel (d) of Fig. 6 we compare our analytical prediction for R (line) with that obtained from exact numerical simulations (points). We obtain a very good agreement that confirms Λ = 2 as the optimal parameter for the quantum dynamics. It should be noticed that Λ = 2 is a special value in the mean-field BJJ dynamics: for Λ = 2 the separatrix passing through the point φ = π and z = 2 Ĵ z /N = 0 reaches its maximum extension passing the poles of the Bloch sphere, φ = π and z = 2 Ĵ z /N = ±1. In a sense, the mean-field bifurcation attains its maximum criticality. For Λ > 2 the mean-field dynamics features the onset of macroscopic selftrapping [19, 20] . Interestingly, Λ = 2 has been also identified in Ref. [13] as the optimal condition for the dynamical creation (on time scales χt ≈ log(8N )/N much longer than those considered here) of maximally entangled states. Finally, in Fig. 5 we compare ζ 2 opt (red points) and ξ
opt
for the unstable fixed-point dynamics (symbols) with the corresponding values for the OAT. The two different dynamics are equivalent for very short times. Yet, for sufficiently long times, when high order terms in the Taylor expansion (27) become relevant, the generation of entanglement in the bosonic Josephson junction is faster than in the OAT model. We can also notice that in both models, for times longer than those discussed in this work, there is a generation of states which are not spin-squeezed but are recognized as entangled by the QFI.
V. ENTANGLEMENT GENERATION AROUND φ = 0
In the BJJ model, the most interesting quantum dynamics happens close to φ = π. For completeness and comparison, here we study the quantum dynamics for a CSS
polarized along the positive x-axis (it is the eigenvalue ofĴ x with maximum eigenvector N/2). An analytical study of the quantum dynamics close to the point φ ≈ 0 can be done substituting Eq. (4) with the Hamiltonian of a harmonic oscillator of square frequency
The frequency ω 2 0 is always positive testifying that close to φ ≈ 0 we have an upward parabolic potential for every value of Λ, see Fig. 1 .
In Fig. 7 we show the Wigner distribution plotted at different evolution time and Λ. For Λ 1, the dynamics is periodic and quite similar to the one observed in Fig. 2 for φ = π and same value Λ = 0.5. The main difference here is the occurrence of squeezing of the initially isotropic distribution along the z-axis. Comparing the two columns we can see that increasing the value of Λ also the asymmetry of the Wigner distribution increases and negative parts appears. We study the quantum dynamics using the time-dependent wave function with parameters
where giving the elements of the covariance matrix (16), and
These expressions agree with those computed in [14] . Like in the stable regime in the nearby of φ = π we have nonzero values of the non diagonal terms of the covariance matrix γ yz = γ zy that varies in time telling us that ξ 2 opt and ζ 2 opt are minimized along a direction in the yz plane that varies during the evolution. In Fig. 8 we show the oscillation of ζ 2 opt for different values of Λ. We can see that in the regime Λ 1 our approximation fits perfectly the exact numerical points.
The minima (in time) ζ 2 opt are obtained for 2ω 0 t = nπ, with n an integer number. The depth of these minima, at the zeroth order in 1/N , is:
According to this prediction, increasing Λ we have more and more entanglement. However, the approximations leading to Eq. (40) fail for Λ 1. The lower panel of Fig. (8) shows the spin squeezing and the number of particles over the Fisher Information for Λ = N . Our analytical results follow the dynamical regime only for relatively short times t π/ω 0 . For longer times we observe a net difference between the numerical ξ 
where Ω N χ. A direct comparison with Eq. (27) shows that all the terms in the Taylor expansion are equal except the sign of the Λ 2 factor in third order term, which is positive in Eq. (41) and negative in Eq. (27) . For sufficiently short times, ζ 2 0 ≤ ζ 2 π for any value of Λ. We thus conclude that, at least in the short time dynamics, the unstable regime at φ = π is the optimal condition for generating entanglement useful for quantum interferometry.
VI. SUMMARY AND CONCLUSIONS
To summarize, we have studied the generation of entanglement useful for quantum metrology arising in the quantum dynamics of a bosonic Josephson Junction. The dynamics is characterized by particle-particle interaction and linear coupling. We have discussed different dynamical regime, depending of the initial polarization of the CSS and the value of interaction-over-tunneling parameter Λ. The different regimes are well understood within a mean-field approximation [19, 20] . Analytical results for the QFI, valid for relatively short times, lead us to two important results: i) the dynamical generation of entanglement is fastest when the CSS points along the negative x-axis and Λ = 2, corresponding to maximum criticality in the mean-field unstable fixed point dynamics, and ii) in this regime, a direct comparison with the one-axis twisting dynamics [9, 17] shows that linear coupling accelerates the dynamical creation of entanglement. These findings help the understanding of recent experimental results [16] and can find direct application as a guideline to future experiments using an unstable dynamics to create large entanglement [40] .
Appendix A: Action of collective spin operators in the EQPM In this Appendix we report how the actions of the spin operators on a general two-mode state can be expressed in terms of differential operators acting on Ψ(φ, t) defined in (2) .
From the above expressions we can obtain the action of second-order operators such that:
Appendix B: Gaussian approximation
The exact representation of the coherent states (18) and (34) in the EQPM is a Dirac delta, but for the calculation is convenient to express everything in terms of Gaussian wave functions. To do so we will not consider as initial state an eigenstate of the Hamiltonian (1) with exactly Ω = 0. We will instead initialize our EQPM dynamics with the Gaussian ground state of the harmonic approximation of (4) with an initial interaction parameter Λ 0 . We then quench Λ to a different value and compute the evolution of the initial Gaussian into a harmonic potential. To investigate the dynamics of the CSS (18) we will simply shift the Gaussian ground state among φ = 0 to φ = π. In the end of all the calculations, for both the initial states, we will take the Λ 0 → 0 limit of our results to recover the exact dependence by the coherent states.
Talking about ξ 2 opt and ζ 2 opt in Section II B we have pointed out that to compute these parameters we need to compute the expectation values ofĴ 2 z ,Ĵ 2 y , {Ĵ z ,Ĵ z } andĴ x . These operators can be expressed in the phase representation by equations (A1). In this Appendix we present the procedure we have used to obtain analytical expressions for their expectation values.
With our Gaussian approximation we have mapped the dynamics of the system into the well-known evolution of a Gaussian packet into a parabolic potential. Thus we have to deal with wave functions of the form ψ(φ, t) = N e −(a(t)+ib(t))φ 
This integral it is not easy to evaluate, but luckily can be approximated as a Gaussian integral that can be easily calculated. This can be done simply noticing that the second-order power series of the cosine to the nth power is equal to the one of a Gaussian of width 2/ √ N ,
Using thus the formulas for the generalized Gaussian integral we find
We have seen that, given an operatorÂ acting on a quantum state of the many-particle system |ψ , we can always reduce it to a differential operatorÃ acting on the wave function ψ(φ, t). Thus the expectation value ofÂ can be computed as 
With the same procedure used for the normalization we can express (B5) in terms of Gaussian integrals. Thus, with these considerations and the expressions (A1), we can find approximated analytical expressions for all the expectation values needed to compute ξ and χ: where we have defined
